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Abstract: A Smarandache-Fibonacci Triple is a sequence S(n), n > 0 such that S(n) = 
S(n—1)+S(n—2), where S(n) is the Smarandache function for integers n > 0. Certainly, it 
is a generalization of Fibonacci sequence. A Fibonacci graceful labeling and a super Fibonacci 
graceful labeling on graphs were introduced by Kathiresan and Amutha in 2006. Generally, 
let G be a (p,q)-graph and {S(n)|n > 0} a Smarandache-Fibonacci Triple. An bijection 
f: V(G) — {S(0), S(1), S(2),...,.S(q)} is said to be a super Smarandache-Fibonacci grace- 
ful graph if the induced edge labeling f*(uv) = |f(u) — f(v)| is a bijection onto the set 
{S(1), $(2),...,S(q)}. Particularly, if S(n),n > 0 is just the Fibonacci sequence Fi, i > 0, 
such a graph is called a super Fibonacci graceful graph. In this paper, we construct new 
types of graphs namely F, ® Pe is Cn @ Pm; Kin @ K1,2, Fn ® Pm and Cr @ Ki,m and we 


prove that these graphs are super Fibonacci graceful graphs. 
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§1. Introduction 


By a graph, we mean a finite undirected graph without loops or multiple edges. A path of 
length n is denoted by P,41. A cycle of length n is denoted by C,. G* is a graph obtained 
from the graph G by attaching pendant vertex to each vertex of G. Graph labelings, where 
the vertices are assigned certain values subject to some conditions, have often motivated by 
practical problems. 

In the last five decades enormous work has been done on this subject [1]. The concept of 
graceful labeling was first introduced by Rosa [5] in 1967. A function f is a graceful labeling of 
a graph G with q edges if f is an injection from the vertices of G to the set {0,1,2,...,q} such 
that when each edge uv is assigned the label | f(u) — f(v)|, the resulting edge labels are distinct. 
The notion of Fibonacci graceful labeling and Super Fibonacci graceful labeling were introduced 
by Kathiresan and Amutha [3]. We call a function f, a Fibonacci graceful labeling of a graph G 
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with q edges if f is an injection from the vertices of G to the set {0,1,2,...,F,}, where Fy is 
the q'” Fibonacci number of the Fibonacci series F; = 1,F) = 2,F3 = 3, Fy = 5,---, such that 
each edge uv is assigned the labels | f(w) — f(v)|, the resulting edge labels are F), Fo,...,Fg. An 


injective function f : V(G) > {Fo, Fi,..., Fy}, where F, is the q'” Fibonacci number, is said 
to be a super Fibonacci graceful labeling if the induced edge labeling | f(u) — f(v)| is a bijection 
onto the set {F), F),...,F }. In the labeling problems the induced labelings must be distinct. 


So to introduce Fibonacci graceful labelings we assume F, = 1, Fy = 2, F3 = 3, Fy = 5,---, as 


the sequence of Fibonacci numbers instead of 0,1,2,..., [3]. 

Generally, a Smarandache-Fibonacci Triple is a sequence S(n), n > 0 such that S(n) = 
S(n — 1) + S(n — 2), where S(n) is the Smarandache function for integers n > 0 [2]. A (p,q)- 
graph G is a super Smarandache-Fibonacci graceful graph if there is an bijection f: V(G) > 
{S(0), S(1), $(2),...,S(q)} such that the induced edge labeling f*(uv) = |f(u) — f(v)| is a 
bijection onto the set {.S(1), S(2),...,S(q)}. So a super Fibonacci graceful graph is a special 
type of Smarandache-Fibonacci graceful graph by definition. 

In this paper, we prove that F, ® ey, Cr ® Pm, Kin @ B12, Fn ® Pm and Ch © Kim 


are super Fibonacci graceful graphs. 


§2. Main Results 


In this section, we show that some new types of graphs namely F,,@ K}',,, Cn ® Pm, Kyi n@Ki 2, 


1,m? 


Ff, ® Pm and C,, ® Ky,m are super Fibonacci graceful graphs. 


Definition 2.1([4]) Let G be a (p,q) graph. An injective function f: V(G) - {Fo, Fi, Fo,..., Fa}, 
where Fy is the q'” Fibonacci number, is said to be a super Fibonacci graceful graphs if the in- 
duced edge labeling f*(uv) =|f(u) — f(v)| is a bijection onto the set {F\, Fo,..., Fa}. 


Definition 2.2 The graph G = F, © Pm consists of a fan F;, and a Path Py, which is attached 
with the maximum degree of the vertex of Fy. 


The following theorem shows that the graph F;, 6 Pm is a super Fibonacci graceful graph. 


Theorem 2.3 The graph G= Fy, © Pm is a super Fibonacci graceful graph. 


Proof Let {uo = v, U1, U2,...,Un} be the vertex set of F;, and v1, v2,...,Um be the vertices 
of P, joined with the maximum degree of the vertex uo of F,. Also, |V(G)| = m+n+4+1 
and |E(G)| = 2n + m-—1. Define f : V(G) — {Fo,Fi,...,Fy} by fluo) = Fo, flu) = 
Fonim—1—26-1), 1S it <n, fui) = Fm—2G_-1), 1 S71 < 2, 


F, ifm = 0(mod3) F; ifm = 1(mod3) 
f(Um) = : f(Um-1) = . 
F, ifm = 1,2(mod3) Fy, ifm = 2(mod3) 
and f(Um—2) = Fy if m = 2(mod3). 
—3 —4 —5 
For 1 = 1,2,..., a , or is , or ag according to m = 0(mod3) or m = 1(mod3) 


3 3 
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or m = 2(mod3), define 
f(vit2) = Fm-1-ai-1 43-1), 8-2 S 7 <3. 


We claim that the edge labels are distinct. Let Ey = {f*(uitigi) 27 = 1,2,...,2—1}. Then 


Ey = {\f(ui)— f(wi41)| 22 =1,2,...,n—-1} 
= {lf(us) — flue), |f(u2) — Flus)|,---.1f(un—1) — fun) |} 
= {|Font+m—1 — Fantm—sl, |Fantm—3 — Fantm-—s|,---)|Fim+3 — Fm-+il} 
= {Fontm—2, Fantm—4)---)Fim+4; Fim+2}, 


Ey = {f*(uow):i=1,2,...,n} = {|f(uo) — f(ui)|:¢i=1,2,...,n} 
{|f(uo) — f(ur)|,|f(uo) — f(u2)|,---|f(uo) -— fun) |F 
{|Fo — Fon+m-1|,|Fo — Fan4m-sl,---,|Fo — Fin4il} 


= { Pontm—1; Fantm—3,--->m+3, Pmsi}; 


l| 


Es 


{f*(uorr), F*(vrv2)} = {1F(uo) — Fri) LF(er) — F(va) iF 
{|Fo —. Fras | Fm = m—2|} = {Fin, Fin-1}- 


Let Ey = {f*(vev3)}. The edge labeling between the vertex v2 and starting vertex v3 of 
the first loop is 


E4 = {|f(v2) — f(vs)|} = {]Fm—2 — Fim—1l} = {Fin—s}. 
For | = 1, let Es = { f* (vizovi43) el SS a SS 2}. Then 


Es = {|f(vit2) — fviss)|: 1 <4 < 2} 
= {lf(vs) — f(va)l [Ff (va) — Fes) iF 
= {|Fim 1— Fm 3|,|Em 3— Fin si} = {Fin—2, Fm—}.- 


Let E} = { f*(usue)}. We find the edge labeling between the end vertex vs of the first loop 
and starting vertex ve of the second loop following. 


Es = {|f(vs) — f(ve)|} = {|Fin—s — Fin—al} = {Fin—sh- 
For |= 2. let Ee = { f* (vi42ovi43) 74 < a < 5}. Then 


Eo = {lfvite) — fviss)| +4 <4 < 5} = {| f(v6) — f(v7)|, |F(o7) — Flos) I} 
{|Fim 4— Fn 6|,|Em 6— lin sl} = {Fm-_—s, Pm_7}.- 


For labeling between the end vertex vg of the second loop and starting vertex v9 of the 
third loop, let Ej = {f*(vgvo)}. Then 


Eg = {|f(vs) — f(vo)|} = {\Fin-s — Fin-7|} = {Fino}, 


Super Fibonacci Graceful Labeling 25 


etc.. For 1 = a — 1, let Ems_y = {f*(vigevie3) :m—10<i<m-—9}. Then 


{lf (vite) — F(vits)|: m—10<i<m— 9} 
{|f(Um-s) — f(Um-7)|,|f(Um—7) — f(Um—s)|} 
{|Fio — Fa|, |F3 — Fel} = (Fo, Fr}. 


I 


Eim=s 
mes 1 


I 


I 


—5 


For the edge labeling between the end vertex v,;,—6 of the eC — 1)" loop and starting 


m— 


5 
vertex Um—s of the ( )'@ loop, let Exm—s_, = {f*(Um—6¥m—s)}. Then 
3 


Bnes_, = {|f(Um—6) — f(Ym—s)|} = {|F6 — Fal} = {75}, 


Ems = {f*(vizeviz3):m—T<i<m—6} 
= {|f(vize) — fvizs)|: m-7 <1 < m— 6} 
= {|f(Um—s) — f(Um-a)], |f(Um—4) — f(Um-s)|} 
= {|F7— Fs, |Fs — Psi} = (Fe, Fu}. 


—4 
For 1 = — — 1, let Emaa_y = {f*(uipevi43) > m—9<i<m-— 8}. Then 


Ema, = {|f(vit2) — f(vita)| i m—-9 <i < m— 8} 
= {|f(Um-7) — f(Um—6)|, |f(Um—6) — f(vm-s)|} 
= {|Fo— Fy|,|F7 — Fs|} = { Ps, Fo}. 


—A4 
For the edge labeling between the end vertex v,,_5 of the (ae — 1)" loop and starting 


—A4 
vertex Um—a of the (—)" loop, let Et = {f*(Um—sUm—4)}. Then 


Ema_ = {|f(0m—s) — f(Um—a)|} = {1F5 — Fol} = {Fa}. 


=—4 
For |= — 


, let Ema = {f*(vizevi43) 1m —6 <i < m-—5}. Calculation shows that 


Ema = {|f(vite) — f(vita)|:m—6 <i <m—5} 
= {|f(Um—4) — f(Um—s)|,|f(Um—3) — f(Um-2)|} 
= {|Fo— Ful, |Fa — Fol} = (Fs, F3}- 


—3 
Now for | = “—— — 1, let Em—s_y = {f* (vigevig3) :m— 8 <i<m-—7}. Then 


Em-3_4 {|f (vie) — fvits)|:m—-8<i<m— 7} 
= {|f(um—6) — f(Um—s)|,|f(Um—s) — f(Um—a)|} 
= {|Fs— Fel, |Fe — Ful} = {F7, Fs}. 


I 


3 Ly" 


Similarly, for finding the edge labeling between the end vertex vm_—4 of the e 
-—3 
loop and starting vertex u»—3 of the C2 loop, let Ere. = {f*(Um—4Um—3)}. Then 
3 


Ems_y = {|f(vm—a) — f(um—s)|} = {| — Fol} = {53}. 
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For 1 = SS let Em—s = {f*(uipevig3) > m—5 <i< m-—4}. Then 
Enos = {|f(vise) — f(virs)|:m—5 <i<m— 4} 
= {|f(Um-3) — f(m-2)|,|f(Ym-2) — f(Um-1)|} 
= {|f — *|, |’ — Al} = {P4, Fy}. 
Now let 
B® =(£ Oboe eee Ens) (HU BEU,---U Bhs): 
B® = (EU EU Ue) UCGURU- A) Fh) 
B® = (2 mU,...U ea) (BUBU--UFbes_1)- 
If m = 0(mod3), let ET = - (Um—1Um)}, then EY = {|f(um—1 — f(Um)|} = (|Fi — Fel} = 


{Fi}. Thus, 
E= E{| )E% = (FA, F,..., Fontm-i}- 


For example the super Fibonacci graceful labeling of Fy @ Pe is shown in Fig.1. 
Fy ® Ps : 
Fig Fio Fu Fio Fo Fe Fy 


Fo Fe F4 Fs Fs Fi Fy 


Fig.1 


If m = 1(mod3), let ES = { f*(Um—2Um-1); f* (Um—-1Um)}, then 
Ey = {|f(tm—2—- f(Um-1l, |f(um—1 — f(um)|} 
= {h)- | |F3- Al} ={h, B}. 


Thus, 
E = ESUE® ={F, Fy,..., Fontm-1}- 


For example the super Fibonacci graceful labeling of Fy @ P7 is shown in Fig.2. 


fy @ Pz: 
Fis Fi; Fio Fy, Fio Fy Fs 
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If m = 2(mod3), let E3 = { f*(Um—3Um—2), f*(Um—2Um-1); f* (Um—1Um)}, then 


E3 = {|f(vm—3) — f(Um—2)|,|f(Ym—2) — f(Um—1)1 |f(Um—1 — f(um)|} 
= {|F3 — F4|,|Fs— Fo, |e - Al} = {h, Bs, Ki}. 


Thus, 
E= EXUE® ={F,F,...,Fanim-1}- 


For example the super Fibonacci graceful labeling of Fs 6 Ps is shown in Fig.3. 


Ps ® Ps: 


Fig.3 


Therefore, F, 6 P,, admits a super Fibonacci graceful labeling. Hence, F,, 6 Py is a super 


Fibonacci graceful graph. 


Definition 2.4 An (n,m)-kite consists of a cycle of length n with m-edge path attached to one 
vertex and it is denoted by Cy © Py. 


Theorem 2.5 The graph G = C, ® Pm, is a super Fibonacci graceful graph when n = 0(mod3). 


Proof Let {ui,u2,...,Un = v} be the vertex set of C, and {v = tn,v1,V2,.-.;Um} be 
the vertex set of P,, joined with the vertex uy, of C,. Also, |V(G)| = |E(G)| = m+n. 
Define f : V(G) — {Fo,Fi,..., Fg} by f(un) = Fo, f(u1) = Fmtn, f(u2) = Fmtn—2 and for 

n—3 : 
[=1,2,..., 3? f(uit2) = Fin4n—1-2(i-1)43(I-1) and for 31-2 <i < 31, f(vi) = Fn—2G-1); 
and for 1 <i< 2, 


Fy if m= 0(mod3) F; if m= 1(mod3) 
f(Um) = : f(Um-1) = : 
F, if m=1,2(mod3), Fy if m= 2(mod3) 
m—3 m—A . 
and f(Um—2) = Fy when m = 2(mod3). For 1 = 1,2,..., Or according 


to m = 0(mod3) or m = 1(mod3) or m = 2(mod3), let f(vit2) = Fm—1—2G—-1)+300-1) for 
31-—-2<i<3l. 
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We claim that all these edge labels are distinct. Let Ey = { f*unur), f*(uiu2)}. Then 


Ey = {|f(un) -— fur) f(s) — f(ua)|} 
{Fo —Frasals||Pmae m+n—2|} = (nin, Pmin-1}- 


For the edge labeling between the vertex ug and starting vertex u3 of the first loop, let 
E> = {f*(u2u3)}. Then 


Fy = {| f(u2) 7 f (us)|} = {|Fratn—2 = Fete hy = ie eaeame eg 
For | = 1, let Es = { f* (uiz2uits) ak < a < 2}. Then 
E3 = {|f(uite) — fluizs)|: 1 <2 < 2} 


= {lf(us) — f(ua)|, |f(ua) — F(us)|t 
= {|Fimtn 1 — Fm+n 3/1, |Emtn 3 — Pm+n sl} = {Fintn—2, Fm+n—4}- 


For the edge labeling between the end vertex us of the first loop and starting vertex ug of 


the second loop, let ES) = {f*(usue)}. Then 
ES? = {| f(us) — f(ue)|} ={|Fntn—s — Fntn—al} = {Fntn—o}- 


For | = 2, let Ey = {f*(uizouiz3) 4 <2 <5}. Then 


I 


{|f(ui+2) — f(uirs)] 454 < 5} = {| flue) — fur), [f(uz) — flus) it 
=, {|Fintn 4—Fmin 6|,|Fmtn 6 — Fmin—sl} = {Fmin—s, Pmtn_-7}- 


E4 


For the edge labeling between the end vertex ug of the second loop and starting vertex ug 
of the third loop, let E{” = {f*(ugug)}. Then 
EX = {|f(us) — f(uo)|} = {lFintn—s — Fintn—7l} = {Fintn—a}; 


—3 
etc.. For 1 = — — 1, let En—3_y = {f*(uipouiz3) :n—-8<i<n—7}. Then 


{|f (usta) — f(uizs)| 12-8 <i<n—7} 
{| f(un—s) 7 f(Un—s)|, |f (Un—s) = f(un—4)|} 
{|Fin+s — Fy, | 6|, |Ein L6 — Fm { 4)|} = {Fin+7; Pints}. 


n—- 


En=s 
nosy 


For finding the edge labeling between the end vertex un_4 of the ( ae 1)" loop and 


—3 
starting vertex Un_—3 of the ne 2rd loop, let EY, = { f*(un_4un—3)}. Then 
3 31 


EW, = {|f(un—4) — f(tn—s)|} = {Fmta — Fmtsl} = {Fmta}. 


3 
n—3 ; 
For 1 = ae let Ens = {f*(uipouiz3) :n—-5 <i<n-—4}. Then 


{|f(uite) — f(uits)|in-5<i<n—4} 
{| f(Un-3) — f(Un-2)|,|f(Un—2) — f(un—1)I} 
{|Fines — Final, |Fmn+3 — Fmail} = (Fins, Fimta}- 


l| 


En-s 
3 


I 
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Let EY = {f*(Un—-1tn)} and EF = {f*(unvi), f* (vive)}. Then 


EY = {|f(un—1) — fun)I} = {]Fmti — Fol} = {Fm+i}, 


Ey 


{|f(un) — Fer) Fler) — Fva) it 
{|Fo _ Fin\, [Fin at m—2\t — {Fin; Fm-—-1}- 


For finding the edge labeling between the vertex v2 and starting vertex v3 of the first loop, 
let E3 = {f*(vav3)}. Then 


E3 = {|f(v2) — f(ws)|} = {lFim-2 — Final} = {Fm-a}- 
For = 1, let Ef = {f*(vizovig3): 1 <i < 2}. Then 


Ey = tf(vit2) — f(vies)| 1 <2 < 2} 
{|f(v3) — f(va)|, |F(va) — Fos) I} 
= {|Fin 1—Fim 3l; Em 3 — Fn sl} = {Fin-2, Fin—s}. 


Now let Eo) = {f*(uvsue)}. Then 
EL = {|f(us) — f(v6)|} = {|Fn—5 — Fin—al} = {Fin—c}- 
For | = 2, let EE = {f*(vizevig3) 14 <2 < 5}. Calculation shows that 


Es = {\f(vite) — f(vits)|:4< 4 < 5} 
{|f(v6) — f(v7)|,|fo7) — F(vs) |} 
Pe {|Fin 4— Fn ol; Em 6 — Fin si} = {Fm_—s, Fn_7}- 


I 


Let ge) = {f*(ugvg)}. We find the edge labeling between the end vertex vg of the second 
loop and starting vertex vg of the third loop. In fact, 


Bs") = {|f(vs) — f(v9)|} = {Fins — Fn—rl} = {Fino} 


—5 
etc.. For 1 = — — 1, let E* = {f*(vigevie3) :m—10<i<m-—9}. Then 


m—5 
agen 


mos, = {[f(vit2) — f(vits)|im—l0sism—9} 
= {|f(Um-s) — f(Um—7)|,|f(Um—7) — f (Um—s)|} 
= {|Fio — Fal, |Fs — Fel} = { Fo, Fr}. 


m—5 


Similarly, for finding the edge labeling between the end vertex vm,—¢6 of the ( 2 


5 3 
loop and starting vertex u»—5 of the ye loop, let E' oe S = {f*(Um—6Um—5)}. Then 
3 


m 


oS = {lf(Um—6) — f(Um—s)|} = {|Fe — Fol} = {Fs}. 
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For [== 


—5 
; let Es = {f* (vipevits) :m—7 = a <m- 6}. Then 
ax toa 


:m—7<i<m-—6} 


mos = {|f(vit2) — f(vits) 
= {|f(Um—s) — flUm-a)I, |f(Um—4) — F(Um-s)|} 
= {|Fr— 5, |Ps — Pal} = (Fe, Fu}. 
For | = m1, let Bina as = {f*(uipevig3) > m—9 <i<m-— 8}. We find that 
ma, = {[f(vit2) — f(vizs)|:m-9<i<m-— 8} 
= {|f(Um-7) — f(um-6)|, |f(Um-6) — f(Um-s)|t 


3 
= {lfo- Fy, | — sl} = (Ps, Po}. 
For getting the edge labeling between the end vertex um—s of the == —1)*" loop and 


starting vertex v,,—4 of the (ay loop, let Bink = {f*(Um—sUm—4)}. Then 


Be = {|f(Um—s) — f(Um—a)|} = {| — Fol} = {Fa}. 


tera. 


—4 
let ES. = {f* (vipevigs) :m—6 <i<m-—5}. Then 
a 


maa = {F(vit2) — f(viss) 
{| f(Um—4) — f(Ym—s)|)|f(Um—-3) — f(Ym—2)|} 
= {|Fo — Ful, |Fa — Fol} = (Fs, F3}- 


:m—6<i<m-—5} 


I 


For t= "= -1, let Bins 84 = {f*(uipevig3) :m—8 <i<m-—7}. Then 
moa, = tf(vit2) — f(vits)|:m—8<ism—7} 
= {|f(Um—s) — f(Um—a)|,|f(Um—4) — f(Um—s)|} 
= {|Fg— Fel, |e — Fal} = (2), Bo}. 


-3 
For the edge labeling between the end vertex v,—3 of the ( — 1)" loop and starting 


= : 
vertex Um—2 of the (= yre loop, let Hy = {f*(Um—3Um—2)}. Then 
3 


Enea = {fm- 3) — f(Um—2) |} = {|Fa — Fs|} = {F3}- 


Similarly, for | = mse , let Bina 5 ={f* (ipevit3):m—5<i<m-—A4}. Then 


maa = {fF (vit2) — f(viss) 
= {|f(Um-3) — f(Um-2)|;|f(Um—2) — f(um-1) |} 
= {|F5 — 3|,|F3 — Al} = 1, B}. 


:m—5<i<m-—4} 


Now let 
oe (aUeU--UFs)U(eUeU- Uris) 
UEUsU-UFas) UP UB" U- Uz.) 
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BQ) — (2Ue2U--Uts)U(eUeU Uris) 
UeUsU- Uta) U(r UE? U- Use.) 


and 
i ae (AUBU- UF) (UU Uris) 
U(UBU:-UFage) U (ef? Ue? UU zee_.). 
If m = 0(mod3), let Ex* = { f*(Um—1m)}, then 
EY” = {|f(Um-1 — f(Um) |} = {Fi — Fal} = {4}. 
Thus, 


E= EX U EO = {f, F,...,Fmin}- 


For example the super Fibonacci graceful labeling of Cg © Pe is shown in Fig.4. 


Ce @ Pe: 


Fig.4 


If m = 1(mod3), let E3* = {f*(Um—2Um—1), f* (Um—1Um)}, then 
Ex” = {|f(Um-2 - f(Um-1l,|f(Um-1 — f(um)|} 
= {Fo — 3||F3—-Fil} = (hi, Fo}. 


Thus, 
E = Ex* U E®) = {F, Fy,...,Fmn}- 


For example the super Fibonacci graceful labeling of Cg 6 P7 is shown in Fig.5. 


Ce @ P7: 
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If m = 2(mod3), let E3* = { f* (Um—3Um—2), f*(Um—2Um-1); f* (Um—1Um)}, then 


E3* {|f(Um-3) — f(Um—2)|, |f(Um—2) — f(Um-1)|; |f(Um—1 — f(Um)|} 


{|F3 — Fa), Fa — Fl, |Fo — Fil} = (2, Bs, Fi}. 


Thus, 
E = Ex*U E®) = {F, Fy,...,Fmn}- 


For example the super Fibonacci graceful labeling of Cg 6 Ps is shown in Fig.6. 


Ce ® Ps: Fo 


a Fo fs #3 iy fy F, 


Fig.6 


Therefore, C;, 6 Py, admits a super Fibonacci graceful labeling. Hence, C;, 6 Pm is a super 


Fibonacci graceful graph. 


Definition 2.6 The graph G = F, @ de, consists of a fan Fy, and the extension graph of 


Ha which is attached with the maximum degree of the vertex of Fy. 


Theorem 2.7 The graph G = F, @ Kj, is a super Fibonacci graceful graph. 


1,m 


Proof Let V(G) = UUV, where U = {uo,u1,...,Un} be the vertex set of F, and 
V = (Y\,V2) be the bipartion of Kim, where Vi = {v = uo} and V2 = {v1, v2,..-,Um} and 
W1, W2,-.-,Wm be the pendant vertices joined with v1, v2,...,Um respectively. Also, |V(G)| = 
2m+n-+1 and |E(G)| = 2m+2n-1. 


Case 1 m,n is even. 
Define f : V(G) — {Fo, Fi,..., Fg} by f(uo) = Fo, fui) = Fomson—1-2(-1) if 1 <1 <n; 
f(va-i) = Fom-au-1y if 1 <i < 3? f(va) = Fom-3-au-1) if 1 <i < 33 f(wo-1) = 


Fom—2—a(i-1) WI Sa < ~ and f(w2i) = Fom—1-a(i-1) if 1S i < oes 
We claim that all these edge labels are distinct. Calculation shows that 


Ey = {f*(uuigi):i=1,2,...,n-1} 
= {|f(us) — f(uiyi)| 272 =1,2,...,n—-1} 
= {I f(ur) — f(ua)|s1f(u2) — Flue) |, -+- Lf ma) — F (n)1} 
= {|Fan+2m-1 — Fantom-s, |Fant2m—3 — Fan+2m—s5|,--+1|Fam+3 — Fams+il} 


— {Fon+o2m-2; Fon+2m—4, tee »Fom+4, Pom+2}, 
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Ey = {f*(uow) :i=1,2,...,n} 
= {|f(uo) — f(us)|:¢=1,2,...,n} 
{|f (wo) — F(ur)Is | F(uo) — F(ua)|,-»-s1F(uo) — Fn—1)1s LF(uo) — Fun) 


{|Fo — Fon+am—1|, |Fo — Fon+2m—3\|,---,|Fo — Fam+s\,|Fo — Fom+il} 
= {Fontam-1; Pont2m—3; Rarer Fom+3, Fom+i}, 
2m 
Ez; = {f*(uova-1):1<i< ou 
_2m 
= {|f(uo) — f(va-1)| :1<i< 5 


= {lf(uo) — fe)] |Fluo) — Flva)| +++ 1F(o) — F%m—s)I,|F(uo) — F(%m—1) |} 
= {|Fo — Fam|,|Fo — Fam—al,.--,|Fo — Fs|,|Fo — F4|} 


= {Fom, Fom—4,..-, Fs, Fa}, 


Ey = { f* (uovai) i 1 < 1 < 


= {lf(uo) — f(vas)| 21 
= {lf(uo) — f(va)|, [f(uo) — f(v4)|,---.|f(uo) — fm-2)|, |f(uo) — F(Um)|t 
= {|Fo — Fam—s|,|Fo — Fam—7|,---,|Fo — Fs, |Fo — Fil} 

= {FPomn-3, Fom_-7,..-,F5, Fi}, 


: 2m 
Es = {f*(vai-1wa-1):1<i< oe 
<1 


= {|f(va1) — F(wai-1)| 21 
= {lf(v1) — f(w1)|, |f(vs) — f(ws)|,---.1fl@m-3) — f(Wm-s)|,|f(Um-1) — f(wm-1)|t 
= {|Fom — Fom-ol,|Foam—4 — Fam-el,.-+, [Pa — Fol, |Fa — Fal} 

= {FPon-1, Fom-s...., F7, F3}, 


= {lf(vai) — f(was)| 21 
= {lf(v2) — f(wa)|, [f(va) — f(wa)l,--- sf (m—2) — f(Wm-2)1,|F(Um) — f(wm)| 
= {|Fom—3 — Fom-1|,|Fam—7 — Fom—s|,.--,|Fs — Fol, |Fi — Fal} 

= {Fom-2, Fom_-e...., Fo, Fo}. 


Therefore, 

B= Fy mU--Uzs. = {F, F),...,Fam+on-1} . 
Thus, the edge labels are distinct. Therefore, F, 6 K iC m admits super Fibonacci graceful 
labeling. Hence, F;, 6 K Ae m iS a super Fibonacci graceful graph. 


For example the super Fibonacci graceful labeling of Fy 6 Kk i 4 is shown in Fig.7. 
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Fis Fig Fis Fi Fir Fro Fo 


Fi, ® Key: 


Case 2 m even, n odd. 


Proof of this case is analogous to case(i). 


For example the super Fibonacci graceful labeling of Fs 6 K. - 4 is shown in Fig.8. 


Piz Fig fis Fy, Fis Fig Fur Fi Fo 


Fy @ Ky: 


Fig.8 


Case 3 m,n is odd. 


Define f: V(G) > {Fo, Fi,.--, Fa} by f(uo) = Fo; f(ui) = Fom+2n—1-2(-1) if 1 <i <n; 


3 . mM m—-1 
f(Wm) = Fi; f(vai—1) = Fom-au-1) if 1 <i < 


+1 : 
2 3 f (vai) = Fom—3—4(é—1) ifl<i< 5 ; 


-—1 -—1 
f(wai-1) = Fom—2-ag-1) if <i - and f(wai) = Fom—1-aj—1) if 1<i< = 


We claim that the edge labels are distinct. Calculation shows that 


Ey = {f*(uguigi):¢=1,2,...,n—-1} 

= {|f(us) — f(uigi)| 22 =1,2,...,n—-1} 

= {| F(ur) — f(u2)), | (u2) — fa) |, ]Ftn—2) — Fado (tn—1) — Fen) 
= {|Fontom—1 — Fontem—3|,|Fontem—3 — Fontom—s|,---;|Fam45 — Fama), 


|Fom+3 — Fom+i|} = {Fon+em-2; Fontom—4,+++, Fom44, Famse}, 


E» 


Bs 


ke = 


E; = 


Therefore, 
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= {f*(uou;):2=1,2,...,n} 
= {lf(uo) — f(wi)] +4 = 1,2,...,} 
= {lf(uo) — f(ur)], |F(uo) — F(ua)|,.- + 1F(uo) — F(un—1)] F(uo) — Fun) It 


= {|Fo ~ Fent2m—1),|Fo — Fant2m—s|,--++|Fo — Fam+s|,|Fo — Fam+il} 
= { Fontom-1; Fon+2m—3;--+;fam+3; Fom+1}, 
ig _mt+i 
= {f*(wova-1):1<i< oh 
_-mt+i1 
= {lf(uo) — f(va—-1)):1<i< ; } 


= {|f(uo) — f(vi)|,|f(uo) — f(vs)|,---, | flue) — flum—2)|,|f(uo) — f(um) |} 
= {|Fo — Fom|,|Fo — Fam—al,-.--,|Fo — Fel, |Fo — Fol} 
= {Pon, Fom—a,..., Fo, Fo}, 
m—-1 
ae: 
= {|f(uo) — fea]: 1s is =} 
= {lf(uo) — f(va)|, [f(uo) — fv4)|,-- +. |f(uo) — Fm-s)|,|F(uo) — fm-1)|} 
= {|Fo — Fom-al,|Fo — Fom—7|,---)|Fo — Fol, |Fo — Fal} 
= {Fomn-3, Fam_7...., Fr, F3}, 


= Af" (igve:)s TS i< 


1 


Es ={f*(Umwm)} = {|f(Om) — f(wm)|} = {2 - Fil} = {Fi}, 


~~ m-i1 
{f*(vai-1wai-1) : 1 Si < 5 \ 


-1 


{|f(vai-1) — f(wai-1)| : 1 sis S} 
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{|f(o1) — F(wi)| |F (vs) — ws) ---s|F(m—4) — f(Wm—a)] |f(m—2) — f(Wm—2) |} 


{|Fom — Fon—2|, |Fom—a = Fomine lye [Fe — Fe|,|Fe = F4|} 
{Fom—1; Fom—s...., Fo, Fs}, 


m—-1 


mal 


{Iflo2) — Fwa)| sis MS 


{f*(voiwa) 1 <i< 


{|f(v2) — F(wa)| |Fva) — flwa)|,---s1f(m—3) — f(Wm—s)]s|F(m—1) — F(wm—1)I} 


{|Foam—3 = Fom-1|, |Fom—7 = Fom—5\; ae [Fy _ Fol, | Fs _ Pe} 
{Fom—2, Fom—6---- Fs, Fa}. 


E=hUJEU---U ={F,By...; Famton-i}- 
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Thus, the edge labels are distinct. Therefore, F, 6K i m admits super Fibonacci graceful labeling. 
Whence, F, © Kj, is a super Fibonacci graceful graph. 


1,m 


For example the super Fibonacci graceful labeling of Fs 6 K iE 3 is shown in Fig.9. 


Fy ® Ky: 


Case 4 m odd, n even. 


Proof of this case is analogous to Case 4. 


For example the super Fibonacci graceful labeling of Fy 6 K- ic 3 is shown in Fig.10. 


Fis Fig Fu Fio Fo FR Fy 


Fy @ Kf: 


Definition 2.8 The graph G=C), ® Kim consists of a cycle Cy, of length n and a star Kim 
is attached with the verter un of Cy. 


Theorem 2.9 The graph G = C,® Kim is a super Fibonacci graceful graph when n = 0(mod3). 


Proof Let V(G) = Vi U Va, where Vi = {u1,uU2,...,Un} be the vertex set of C, and 
V2 = {v = Un, V1, V2,---,Um} be the vertex set of Kim. Also, |V(G)| = |E(G)| = m-+n. Define 
f : V(G) —> {Fo, Fi, Fa, acs ., Fy} by f (un) = Fo; f (us) => Fin4n—2(i-1) if 1 < a SG 2; f (vi) _ F; 


3 
if 1 s a <m and for | = 1, 2, sees as f (wi42) = Prrtn—1-2(i-1)43(I-1) if 31 —2 < a < 3l. 
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We claim that the edge labels are distinct. Calculation shows that 
Ey = {f*(unvi):1<i<m 
= {lf(un) — f(vi)]: 1 <i sm} 
= {|f(un) — Flor) |Flun) — Fra). 1F(un) — Fm) Fun) — Fm) 
= {|Fo— Fi|,|Fo — Fol,.--,|Fo — Pm-1|, |Fo — Fim|} 
= {Fi,Fo,...,Fm-1, Fm}, 


Ey = {f* (unui), f(urue2)} = {]f(un) — fur), [F(ur) — Fue) I} 
= {|Fo — Fintn|, |Fimtn — Fim+n—2l} = {Pinin; Pmtn-1}- 


For the edge labeling between the vertex ug and starting vertex u3 of the first loop, let 
E3 = {f*(u2u3)}. Then 


E3 = {|f(u2) — f(us)|} = {]Pmtn-2 — Fm+n-1} = {Fmtn-3}- 
For 1 = 1, let Ey = {f*(uizouiz3): 1 <2 < 2}. Then 
Ey = {|f(uite) — fuigs)|: 1 <2 < 2} 
= {lf(us) — f(ua)|,|f(ua) — f(us)|t 


— {|Fim+n-1 — Firntn—3\,|Pmtn—3 — Pmin—s)|} 


= {Frin-2,Fm+n—4}- 
Let EY) = {f*(usue)}. Then 
By = {If (us) — f(s)1} = {lFintn—5 — Fintn—al} = (Fintn—o}- 
For | = 2, let Es = {f*(uizouig3) 4 <i <5}. Then 


Es = {(|f(ui+2) — f(uits)|:4 <7 < 5} 
{lf (ue) — f(uz)|,1f(ur) — f(us) |} 


= {|Fin+n—4 > Prine; |Fintn—6 = Fintn—s)|} 


= {Fimtn-—5; Fitna}: 


For finding the edge labeling between the end vertex ug of the second loop and starting 
vertex ug of the third loop, let EY = {f*(ugug)}. Then 


ES = {|f(ug) — f(uo)|} = {|Fintn—8 — Fintn—7|} = {Fintn—o} 
—3 
etc.. Similarly, for | = — — 1, let En-3_4 = {f* (uipouiz3) 2-8 <i<n—7}. Then 


Ena) = {f(uite)— f(uits)|in-8<Sisn—7} 
= {lf(tn-6) — f(Un—-s)|;|f(un—5) — f(un—a)l} 
= {|Fave— Fintel:| nee — Pm+a)|} = Lina. Sse). 
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n—- 


For finding the edge labeling between the end vertex un—4 of the ( fe 1)" loop and 


starting vertex u,—3 of the Ay loop, let EW, _ = {f*(un-4Un-3)}. Then 
35s 
Bia = {fF (un—a) — F(tn—a)/} = {Fina — Fints|} = (Fmea}- 


For 1 = 1. let En-s = {f*(uipouiz3) >n—-5 <i<n—4}. Then 


En = {|f(wit2) — f(uta)]sn-5<Sisn—4} 
= {lf(un—3) — f(un—2)|,|f(un—2) — F(un—1)|} 
= {|Fin+s — Fin+3|,|Pm+3 — Fm+i)|} = {Fin+4, Fin+2}- 


eee OMe Tne 
EY = {|f(un—-1) — fun)|} = {]Fmti — Fol} = {Fm+i}- 
Therefore, 
B= (AUBU- UF) U (PUB U Uses) UF 
SS chon gt Ms 


Thus, all edge labels are distinct. Therefore, the graph G = C,, @ K1,m admits super Fibonacci 


graceful labeling. Whence, it is a super Fibonacci graceful graph. 


Example 2.10 This example shows that the graph Ce © Ky,4 is a super Fibonacci graceful 
graph. 


Ce ® Ki : 


Fig.11 


Definition 2.11 G= Ki, @ K12 is a graph in which K1,2 is joined with each pendant vertex 
of Kin- 


Theorem 2.12 The graph G = Ki» @ K1,2 1s a super Fibonacci graceful graph. 
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Proof Let {uo, U1, u2,-..,Un} be the vertex set of Ky, and v1, v2,...,Un and wi, W2,..-,Wn 
be the vertices joined with the pendant vertices ui, u2g,...,Un of Ky, respectively. Also, 
|\V(G)| = 3n +1 and |E(G)| = 3n. Define f : V(G) — (Fo, Fi, Fo,..., Fy} by f(uo) = Fo, 
fui) = Fen-ag-y, 1 Si <n, f(vi) = Fon-1-aa-, 1 S i <n, f(wi) = Fen-2-a(-1); 
l<i<n. 

We claim that the edge labels are distinct. Calculation shows that 

Ey = {f*(uouj):ti=1,2,...,n} 
= {lf(uo) — f(ua)| +4 = 1,2,...n} 
= {I f(uo) — f(ur)|, [F(uo) — F(ua)[,- 5 F(uo) — F(un—1)1|F(uo) — Fun) 
= {|Fo — Fan|,|Fo — Fan—sl,---,|Fo — Fel, |Fo — Fl} 
=o 4 Pans Fan syan eye la py 


Ey = {f*(uj):i=1,2,...,n} 
= {|f(ui) — f(v)| +i =1,2,...,n} 
= {lf(ur) — f(r) |F(u2) — flva)|,-- 5 [F(un—1) — fra), = [Ff (un) — Fen) |} 
= {|F3n — F3n—1|,|F3n—3 — Fan—a|,---,|Fe — Fs|, |F3 — Fal} 
es Ss ye oe eT 


Bz = {f* (uw) :¢=1,2,...,n} 
= {\f(ui) — f(wi)| >i =1,2,...,n} 
= WU|f(ur) — f(w1)|,|f(u2) — f(we)|,---,|F(Un—1) — f(wn_1)I|, |f (un) — f(wn)|} 
= {|Fan — Fan—-2|,|Fan—3 — Fan—s|,---,|Fe — Fal, |F3 — Fil} 
= {F3n_1, F3n—4,.--,F5, Fo}. 


Therefore, 
E=2\|J)EoJ Bs ={f,F,...,Fan}- 
Thus, all edge labels are distinct. Therefore, Ky, @ Ky,2 admits super Fibonacci graceful 


labeling. Whence, it is a super Fibonacci graceful graph. 


Example 2.13 This example shows that the graph K1,3 @ K1,2 is a super Fibonacci graceful 
graph. 


Ki3@ Kia: 
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